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O ! Abstract 

We prove that there is a residual subset S in Diff (M) such that, for 
every f E S, any homoclinic class of / containing saddles of different 
indices (dimension of the unstable bundle) contains also an uncountable 
support of an invariant ergodic non-hyperbolic (one of the Lyapunov 
'5 ' exponents is equal to zero) measure of /. 

a : 
S: 

1 Introduction 

It was shown in the 1960s by Abraham and Smale that uniform hyperbolicity is 
not dense in the space of dynamical systems [ASj . This necessitated weakening 
the notion of hyperbolicity. One of the possible approaches (Pesin's theory |Pej ) 
is to characterize hyperbolic behavior by non-zero Lyapunov exponents with 
respect to some invariant measure. The most natural case is that of a system 
with a smooth invariant measure. In this setting Lyapunov exponents were 
studied in various aspects, such that removability of zero exponents \BB\ ISW] , 
genericity of zero or non-zero exponents [HI IBcV] , and existence of hyperbolic 
^ measures |DPj . However, the question about Lyapunov exponents can also be 

considered for non- conservative maps. 

Recall that if fi is an ergodic measure of a diffeomorphism / : M — > 
M, dimM = m, then there is a set A of full /i-measure and real numbers 
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Xu ^ xt, < ' ' " <■ XjT such that, for every x G A and every non-zero vector 
v G T X M, one has lim n _^ 00 (l/n) log ||D/"(f)|| = x^ for some i = 1, . . . , m, see 
[Ol IM2j . The number ^* is the i-i/i Lyapunov exponent of the measure /i. 

Definition 1.1. An ergodic invariant measure of a diffeomorphism is called 
non-hyperbolic if at least one of its Lyapunov exponents is equal to zero. 

Some natural questions arise while considering non-hyperbolic diffeomor- 
phisms and Lyapunov exponents of their ergodic measures. First, does a generic 
diffeomorphism have non-zero Lyapunov exponents for each invariant measure? 
A negative answer to this question was given recently in [KNj by constructing a 
C^-open subset in Diff r (M) (r > 1, M is a closed smooth manifold, dimM > 3) 
of diffeomorphisms exhibiting non-hyperbolic ergodic invariant measures with 
uncountable support. 

It seems interesting also to consider non-hyperbolic invariant measures with 
respect to other questions. How to characterize the absence of uniform hyper- 
bolicity? What dynamical structures can not exist in the uniformly hyperbolic 
setting but must be present in the complement? A number of conjectures re- 
lated to this question had been stated. The most influential one is the Palis' 
Conjecture |Pa] that claims, roughly speaking, that diffeomorphisms exhibiting 
homoclinic tangencies or heterodimensional cycles are dense in the complement 
to the set of uniformly hyperbolic systems. This conjecture was proved in |PSj 
for C 1 surface diffeomorphisms (in that case, heterodimensional cycles are not 
considered). Another candidates for a "non-hyperbolic structure" are, for in- 
stance, super-exponential growth of the number of periodic points [Kj IBDF] 
and the absence of shadowing property [BDT], IYY| IADI [5] . Here we would like 
to suggest a reformulation of Palis' conjecture meaning that the non-hyperbolic 
behavior is detected in the ergodic level: 

Conjecture 1. In Diff r (M),r > 1, there exists an open and dense subset U C 
Diff r (M) such that every diffeomorphism f G U is either uniformly hyperbolic 
or has an ergodic non-hyperbolic invariant measure. 

We observe that this conjecture holds if we replace the open and dense 
condition by just rfensejj Alternative (weaker) slightly different reformulation 

1 A (^-diffeomorphism / satisfies the star condition if it has a C 1 -neighborhood U such 
that every periodic point of every diffeomorphism in U is hyperbolic. The star condition is 
equivalent to the Axiom A and no-cycles conditions, see [Hi [TJ IMlj . Thus to prove the 
weak "conjecture" it suffices to approximate a non-star diffeomorphism by a diffeomorphism 
with a non- hyperbolic periodic point and consider a measure supported on that orbit. 



is to consider generic diffeomorphisms. 

We observe that, as a consequence of our main result, this conjecture holds 
in the so-called tame setting, see Theorem [I] and the discussion below. 

Remark 1.2. A shift along the phase curves of the Bowen's example of an 
invariant disk bounded by the separatrices of two saddles provides an example 
of a non-Axiom A diffeomorphism without non-hyperbolic invariant measures, 
see [T|. For another less degenerate example, see [CLR] . 

Remark 1.3. If all Lyapunov exponents for every invariant measure of a local 
C 1 -diffeomorphism are positive then it is uniformly expanding. Also, if a par- 
tially hyperbolic diffeomorphism has all central Lyapunov exponents positive for 
every invariant measure then it is uniformly hyperbolic. Note that this hypothe- 
sis necessarily implies that all periodic points are hyperbolic and have the same 
index. See |AAS] for both results. In this paper, we study a different setting: 
we consider transitive sets (homoclinic classes) containing saddles of different 
indices and construct non-hyperbolic ergodic measures. 

Let us recall that the homoclinic class of a hyperbolic periodic point P of a 
diffeomorphism /, denoted by H(P, f), is the closure of the transverse intersec- 
tions of the invariant manifolds (stable and unstable ones) of the orbit of P (note 
that the homoclinic class of a sink or a source is just its orbit). A homoclinic 
class can be also defined as the closure of the set of hyperbolic saddles Q homo- 
clinically related to P (the stable manifold of the orbit of Q transversely meets 
the unstable one of the orbit of P and vice- versa). Note that two homoclini- 
cally related saddles have the same index (dimension of the unstable bundle). 
In |N2] the notion of a homoclinic class was proposed as a generalization of a 
uniformly hyperbolic basic set of an Axiom A diffeomorphism. However, ho- 
moclinic classes may fail, in general, to be hyperbolic and may contain saddles 
having different indices (in fact, this is the context of our paper). For explicit 
nontrivial examples of non-hyperbolic homoclinic classes see |BDi4 ID] (see also 
[GIlllG] for similar examples studied later by different methods). 

In order to support Conjecture [TJ we prove the following theorem. 

Theorem 1. In Diff (M) there exists a residual subset S such that, for every 
f 6 S, any homoclinic class containing saddles of different indices contains also 
an uncountable support of an invariant ergodic non-hyperbolic measure of f. 

In fact, we prove more: 



Addendum. Given a diffeomorphism f G S, every homoclinic class of f with 
saddles whose stable bundles have dimensions s and s + r, r > 1, for every 
j = s + 1, . . . , s + r contains a uncountable support of an invariant ergodic 
measure whose j-th Lyapunov exponent is zero. 

We also would like to mention that recently the following result had been 
announced in [ABC] : for C 1 -generic diffeomorphismsj the generic measures sup- 
ported on isolated homoclinic classes are ergodic and hyperbolic (all Lyapunov 
exponents are non-zero). 

Let us now give some motivation of our result. First we quote the question 
posed by Shub and Wilkinson. 

Question 1. ( [SWl Question 2]) For r > 1, is it true for the generic f G 
Diff r (M) and any weak limit v of averages of the push forwards - Y^=i flLeb 
that almost every ergodic component of v has some exponents not equal to 
(v-a.e.)? All exponents not equal to 0? 

Even if one considers all the invariant measures, not only limit points of the 
averages of shifts of the Lebesgue measure, the question remains nontrivial and 
meaningful o 

Theorem [1] was also motivated by the construction in [GIKNJ of non-hy- 
perbolic ergodic measures for a class of skew products F: £ x S 1 — > £ x S 1 
of the form F(u,x) = (cr(uj), f wo (x)), where £ = {0, 1} Z , a is the shift in 
E, and /q and f\ are appropriate circle diffeomorphisms. We use the method 
developed in |GIKN] for obtaining non-hyperbolic ergodic measures as weak 
limits of measures supported on periodic points. 

It is also related to the series of results in jABCDWl iBCl iBDFl iBDPl [CMP] 
about the geometrical structure of non-hyperbolic homoclinic classes of C 1 - 
generic diffeomorphisms. In a sense our results give a description of the dynam- 
ics of non-hyperbolic homoclinic classes in the ergodic level. A key fact here 
is that these classes exhibit heterodimensional cycles in a persistent way. The 
analysis of the dynamics of these cycles is another ingredient in this paper. Re- 
call that a diffeomorphism / has a heterodimensional cycle if there are saddles 



2 By C 1 -generic diffeomorphisms we mean diffeomorphisms in a residual subset of Diff (M). 

3 Numerically presence of zero Lyapunov exponents was studied in GOSTJ, where some 
zero Lyapunov exponents were obtained. Whether this numerical effect is really related to 
the presence of non-hyperbolic measures, or it is an artifact of numerical computations, this 
is not clear so far. 



P and Q of / having different indices such that their invariant manifolds meet 
cyclically (i.e., W S (P, f) n W U (Q, /) ^ and W U (P, f) n W(Q, /) ^ 0). 

Let us suggest a naive way to prove Theorem [TJ By the results in [ABCDW] , 
there is a sequence of saddles in the homoclinic class with a central Lyapunov 
exponent converging to zero. One is tempted to consider a weak limit of the 
invariant atomic measures supported on those orbits and to expect that the 
resulting measure is non-hyperbolic. Unfortunately, the resulting measure, for 
instance, can be supported on several hyperbolic periodic orbits. To get a 
non-hyperbolic ergodic measure, we need to choose those periodic orbits in an 
intricate way to guarantee that the limit measure is ergodic. We use here the 
strategy suggested by Ilyashenko, see |GIKN] . Roughly speaking, we construct 
a sequence of periodic orbits such that each of the orbits shadows the previous 
one for a long time, but differs from it for a much shorter time. This provides 
simultaneously decreasing Lyapunov exponents and ergodicity of the limit mea- 
sure. To generate such a sequence of orbits we use heterodimensional cycles. 

We observe that the unfolding of any co-index one cycle (a cycle has co-index 
one if index(P) = index (Q) ± 1), say associated to /, generates an open set 
of C 1 -diffeomorphisms O such that / is in the closure of O and every g in a 
residual subset S of O has two saddles A h and B h having different indices such 
that H(Ah, h) = H(E>h, h). This result is a consequence of the constructions in 
|BD4) 4 I . Thus we can apply Theorem [1] to the set O getting the following: 

Corollary 1. Let f be a C 1 -diffeomorphism with a co-index one cycle. Then 
there are a C l -open set O and a residual subset 1Z of O such that f is in the 
closure of O and every g e TZ has a homoclinic class containing the uncountable 
support of a non-hyperbolic ergodic measure. 

Open questions and consequences. 

First of all, we observe that in Theorem [1] the support of the non-hyperbolic 
measure is in general properly contained in the homoclinic class. To construct 
this measure a key ingredient is partial hyperbolicity (with one dimensional 
central direction), and we need to identify a part of the homoclinic class where 
the relative dynamics is partially hyperbolic. We consider measures having 
supports contained in that partially hyperbolic region. 



4 This result is not stated explicitly in BD4 , where the results are stated in terms of 
C^-robust cycles, but it follows immediately from the "blender-like" constructions there. 



On the one hand, these comments imply that, for homoclinic classes whose 
non- hyperbolic central bundle has dimension equal to or greater than two, our 
method do not provide non-hyperbolic measures with full support in the class 
(see, for instance, |BnV] for examples of diffeomorphisms with a homoclinic 
class equal to the whole ambient manifold whose non-hyperbolic central bundle 
has dimension two). On the other hand, for homoclinic classes with a par- 
tially hyperbolic splitting with one-dimensional central bundle, one can expect 
to extend our method to construct non-hyperbolic ergodic measures with full 
support. However, a first difficulty for such an extension is to understand the 
distribution of the periodic orbits in the class. A first step in this direction is 
the result in [C] claiming that C 1 -generic homoclinic classes are Hausdorff limits 
of periodic orbits. These comments lead to the following question: 

Question 2. Consider a homoclinic class H(P,f) of a C 1 -generic diffeomor- 
phism f containing saddles of different indices and having a partially hyperbolic 
splitting with one- dimensional central direction. Is there a non- hyperbolic er- 
godic measure whose support is the whole class H(P, /jj?. 

A diffeomorphism / is tame if its homoclinic classes are robustly isolated. 
Tame diffeomorphisms form an open set in Diff l (M). There is a residual subset 
1Z of Diff l (M) such that for every / E 1Z homoclinic classes of the saddles of 
/ form a partition of a part of the limit set of /, see [CMP]. The set TZ is the 
union of two disjoint sets T and W which are relatively open in 1Z. The set 
T (the intersection of the set of tame diffeomorphisms and the residual set 1Z) 
coincides with the set of diffeomorphisms with finitely many homoclinic classes 
and W (the so called wild diffeomorphisms) is the set of diffeomorphisms with 
infinitely many homoclinic classes. If the dimension of M is strictly greater 
than 2 both sets T and W are non-empty, see [BD2} [BD3] . 

For tame diffeomorphism every homoclinic class is either hyperbolic or con- 
tains saddles of different indices |ABCDW] . In particular, a generic version of 
Conjectured] holds for tame diffeomorphisms: 

Corollary 2. Every generic tame diffeomorphism is either hyperbolic or has a 
non-hyperbolic invariant ergodic measure with uncountable support. 

This paper shows that to settle a generic version of Conjectured] it is enough 
to prove that every wild diffeomorphism has some homoclinic class containing 



5 In the recent work [Na] it was shown, in particular, that in the construction in |KN| one 
can find a non-hyperbolic invariant measure supported on the whole homoclinic class. 

6 



saddles having different indices. At present time, this fact is not known, al- 
though for all known examples of wild diffeomorphisms this occurs. 

We also expect that the following natural generalization of Theorem 1 holds. 

Conjecture 2. In Diff 1 (M) there exits a residual subset 1Z C Diff 1 (M) such 
that for every diffeomorphism f E 1Z every homoclinic class is either uniformly 
hyperbolic or contains a support of an ergodic non-hyperbolic invariant measure. 

We observe that recently the proof of this conjecture for generic diffeomor- 
phisms far from homoclinic tangencies (using the results in our paper) was 
announced in |Y]. 

A diffeomorphism is transitive if it has a dense orbit, and is C r -robustly 
transitive if it has a C r -neighborhood consisting of transitive diffeomorphisms. 
Most of the examples mentioned above are partially hyperbolic transitive sys- 
tems. In fact, C 1 -robust transitivity implies some form of weak hyperbolicity 
[DPUl IBDP] . This leads to the following weaker version of Conjecture [U 

Conjecture 3. Denote bylZT r C Diff r (M) the (open) set of robustly transitive 
diffeomorphisms. In lZT r there exists an open and dense subset U C lZT r such 
that every diffeomorphism f eW is either uniformly hyperbolic or has an ergodic 
non-hyperbolic invariant measure. 

Since open and densely robustly transitive C 1 -diffeomorphisms are tame dif- 
feomorphisms (they have just one homoclinic class equal to the ambient mani- 
fold), Corollary [2] implies that this conjecture holds C 1 -generically 

In order to have homoclinic classes with saddles of different indices we need 
to consider a phase space of dimension at least three. Let us shortly comment 
the two-dimensional case. In that case it is expected that Axiom A diffeo- 
morphisms are dense in Diff (M) (although no proof have been given yetjj. 
In Diff r (M), r > 2, there are Newhouse domains, i.e., open sets where there 
are dense subsets of diffeomorphisms exhibiting homoclinic tangencies |Nlj and 
non- hyperbolic periodic points [GSTJ, and where generic C 2 -diffeomorphisms 
have infinite number of sinks or sources [N3] 13 



6 For recent results about the C^-density of Axiom A surface diffeomorphisms and a dis- 
cussion of the current state of this problem, see [ABCD . 

7 In higher dimensions there are C^-open sets where the diffeomorphisms with infinitely 
many sinks or sources are generic |BD2j . 



Question 3. Let U C Diff r (M), dim M = 2, r > 2, be a Newhouse domain. 
Is it true that a generic diffeomorphism from U has an invariant ergodic non- 
hyperbolic measure? A similar question can be posed in the C 1 -topology for 
locally generic diffeomorphisms with infinitely many sinks or sources. 

We observe that |CLR] provides examples of homoclinic classes of surface 
diffeomorphisms containing non-transverse intersections (tangencies) whose er- 
godic measures have non-zero Lyapunov exponents. A positive answer to this 
question should mean that such a situation is quite pathological. 

Organization of the paper. 

This paper is organized as follows. In Section [21 we review the construction 
in [GIKN] of non-hyperbolic ergodic measures (with uncountable support) ob- 
tained as limit of measures supported on periodic orbits. Notice that a key 
ingredient of this construction is partial hyperbolicity (with one dimensional 
central direction) in a fixed region of the manifold. 

Section [3] consists of two parts. Section [331 contains results about homoclinic 
classes of C 1 -generic diffeomorphisms. Using these results, we fix the residual 
subset of Diff (M) that we will consider in our constructions. In Section l3~2l we 
state a perturbation result about generation of heterodimensional cycles in ho- 
moclinic classes containing saddles of different indices (non- hyperbolic classes). 

In Section HI for non- hyperbolic homoclinic classes, we state Propositions 14. 31 
and 14.51 about generation of saddles with central Lyapunov exponents close to 
zero and of persistent heterodimensional cycles (involving such saddles). If a 
C 1 -generic homoclinic class contains saddles having different indices then we 
can generate a co-index one cycle whose relative dynamics in a neighborhood V 
of the cycle is partially hyperbolic (with one dimensional central direction). The 
unfoldings of these cycles generate saddles (whose orbits are contained in the 
fixed neighborhood V) which are in the homoclinic class that we consider and 
have central Lyapunov exponents close to zero. A key fact is that we can use 
such saddles to get new partially hyperbolic heterodimensional cycles (in the 
set V) and new saddles. In this way, we get sequences of saddles whose central 
Lyapunov exponents go to zero. We will apply to these saddles the results in 
Section [2] to get the non-hyperbolic ergodic measures in Theorem [U This is 
done in Section by using an inductive argument combining the propositions 
above (generation of saddles and cycles) and the results in Section [21 



To prove Propositions 14.31 and 14.51 we need to adapt previous constructions 
about cycles and homoclinic classes in |ABCDW] IBD41 IBDFj to our setting. 
A difficulty here is that we need to consider the relative dynamics in the fixed 
region V above. We note that in the constructions in previous papers the 
perturbations may be global ones and then much more general perturbation 
results can be applied directly. 

Standing notation 

• By a perturbation of / we always mean a diffeomorphism which is C l 
arbitrarily close to /. 

• Given a hyperbolic periodic point Pf of a diffeomorphism /, for a C 1 -close 
map g we denote by P g the continuation of the point Pf for g. 

• We will denote by 7r(P/) the period of a periodic point Pf of /. 

• Since there is no possibility of confusion, by a cycle we always mean a 
heterodimensional cycle. 

• Partially hyperbolic sets that we consider are always strongly partially hy- 
perbolic, that is, they have partially hyperbolic splittings with three sub- 
bundles, T X M = El s © E c x © E x u , where E ss is uniformly contracting, E uu 
is uniformly expanding, and the central subbundle E c is one dimensional. 
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2 Periodic points and non-hyperbolic ergodic 

measures 

In this part of the paper we follow the approach suggested in [GlKNj to pro- 
vide sufficient conditions for the existence of non-hyperbolic ergodic invariant 
measures with uncountable support, see Proposition 12.51 below. 

2.1 Ergodicity, invariant direction fields, and Lyapunov 
exponents 

Assume that a diffeomorphism / : M — > M has an invariant continuous direc- 
tion field E in an open set O C M. Then for every invariant measure \x whose 
support (denoted by supp \x) is contained in O one of the Lyapunov exponents 
of /i is associated to E (denote it by x E )- Namely, for /x- almost every point 
x G M and for a non-zero vector v G T X M from the corresponding direction E, 

\im-\og\Df n (v)\= X E (fi)- 

n— >oo n 

Speaking about convergence of measures we always mean *-weak conver- 
gence: \i n converges to /i, if for any continuous function cp : M — > R it holds 

(pdn n — > / ifdfx, as n — > oo. 

Lemma 2.1. Let diffeomorphism f : M — » M has an invariant continuous 
direction field E in an open set O C M. Let fi n and /i be ergodic probability 
measures with supports in O , and \i n — > \i as n -^ oo. Then x E (l l n) —* X E (l 1 )- 

Proof. Define the continuous function cp: O — »• R, <p(x) = log Z , x , where 
v x G T X M is any non-zero vector from the direction E depending continuously 
on x. By definition, Lyapunov exponent x E along the direction field E at x is a 
time average of the function tp at this point. Due to ergodicity of measures /i n 
(respectively, /i), this time average is equal to the space average of the function 
<p with respect to the corresponding measure for \i n - (respectively, />) almost 
every point. Since the function ip is continuous, due to the *-weak convergence 
of measures \i n — > /i, we have: 

X E (,Hn) = / pdn n ^ (pdfi = X E (V)- 

This completes the proof of the lemma. □ 

10 



2.2 Sufficient conditions for ergodicity 

Let <5 be an arbitrary continuous map of a metric compact space £2 into itself. 
Assume that X n are periodic orbits of the map <5, 7r(X n ) are their periods, and 
fi n are atomic measures uniformly distributed on these orbits. 

Definition 2.2. Let us call n-measure of the point xq an atomic measure uni- 
formly distributed on n subsequent iterations of the point Xq under the map (&: 

1 71—1 

^n(^o) = ~ / , <W(a:o)> 
i=0 

where 5 X is 6-measure supported at point x. 

The next lemma is a key point in the proof of the ergodicity of a limit 
measure. This lemma was suggested by Yu. Ilyashenko, who was inspired by 
the ideas of the work by A. Katok and A. Stepin on periodic approximations of 
ergodic systems, see |KS1| |K52] . 



Lemma 2.3. (| IGIKNl Lemma 2]) Let {X n } be a sequence of periodic orbits 



with increasing periods ir(X n ) of a continuous map & of a metric compact space 
H into itself. For each n, let fi n be the probability atomic measure uniformly 
distributed on the orbit X n . 

Assume that for each continuous function tp on Q and all e > there exists 
N = N(e, ip) G N such that for all m > N there exists a subset X mfi C X m , 
which satisfies the following conditions: 

1. Hm(X mfi ) > 1 - e and 

2. for any n, such that m > n > N, and for all x G X m ^ £ 

f d"n(x n ) (x) - (pdfin <e. 

Then every limit point fi of the sequence {fi n } is an ergodic measure. 

2.3 Sufficient conditions for existence of an invariant non- 
hyperbolic measure 

Given a finite set T denote by #r the cardinality of I\ 

11 



Definition 2.4. A periodic orbit Y of a map f is a (7, x)-good approximation 
of the periodic orbit X of f if the following holds. 

• There exists a subset Y of Y and a projection p: T — ► X such that 

dist(f(y),f(p(y)))< 1 , 
for every y G T and every j — 0,1, ... , n(X) — 1; 

#r 
#y- 

• H z p~ 1 {x) is the same for all x G X . 

Proposition 2.5. Assume that a diffeomorphism f : M — ► M has the following 
properties: 

1) there exists an open domain O C M such that f has an invariant continuous 

direction field E in O; 

2) there exists a sequence of periodic orbits {X n }^L 1 of f whose periods 7r(X n ) 

tend to infinity osn^oo and such that U^ ( L 1 X„ C O. 

Denote by x E (X) the Lyapunov exponent of f along the orbit X with respect to 
the invariant direction field E. 

3) There exists a sequence of numbers {7 n }^Li,7n > 0, and a constant C > 

such that for each n the orbit X n+1 is a (j n , 1 — C \x E (X n )\)-good approx- 
imation of the orbit X n ; 

4) let d n be the minimal distance between the points of the orbit X n , then 

mmi<i< n di _ 

^ n < 3~^ ' 

5) there exits a constant £ G (0, 1) such that for every n 

\x E {x n+l )\<i\ x E {x n )\. 

Then f has a non-hyperbolic invariant ergodic measure with an uncountable 
support. 

12 



Of course, in the previous proposition, the obtained non-hyperbolic invariant 
measure p has zero Lyapunov exponent along the direction E. The measure p 
is a weak limit point of the sequence of measures supported in the orbits X n . 

Remark 2.6. In the context of this paper the claim that the support of the 
constructed non-hyperbolic measure is uncountable is not essential. Indeed, we 
consider C 1 -generic diffeomorphisms whose periodic points are hyperbolic. But 
we provide this claim keeping in mind future applications (considering open sets 
of diffeomorphisms) . 

Proof. Let p n be the probability atomic measure uniformly distributed on the 
orbit X n . Let us check that the conditions of Lemma 12.31 are satisfied by these 
measures. 

Set x n = 1 — C\x E {X n )\. Take arbitrary e > and continuous map <p: M — > 
R. By assumption 3), for orbits {X n } a sequence of subsets X n C X n and a 
sequence of projections p n : X n+ i — > X n are defined such that: 

nf^n*=*>o- m 

„=1 " n+l n=1 

Indeed, the product is convergent (and different from zero) since (1 — x n ) is not 
greater than C \x E (X n )\ and, by assumption 5), C \x E (X n )\ is dominated by a 
decreasing geometrical progression. 
Choose 5 = S(e, <p) such that: 

u s (tp) := sup \ip(x) - cp(y)\ < e. 

dist(x,y)<S 

By assumption 4), we have Y^=iln < °°- Choose A^ = N(e,<p) such that the 
following holds: 

oo oo 

^2 Ik < S(e, v?) and ]J x k > 1 - e. 

N N 

Since the number of points in a pre-image for projections p n does not depend 
on a point in the image, a set X m£ C X m where the total projection 

Pm,N = Pm-i ° • • • ° Pn '■ X m>£ — >■ Xn 
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is defined contains most of the orbit X m : 

m— 1 oo 



7T-A-m,e 

rr^-no , s . N 



> 



n Xfc - n Xfc > i ~ £ - 



This implies 1) in Lemma [2. 31 

Take arbitrary m and n with m > n > N(e, tp). By construction, on the set 
X m ^ £ the total projection p m<n = p m -\ ° ■ ■ ■ ° p n is defined and for every point x 



from the set X m e C X m we have 



dist(/ i (x), f(/) m , n (x))) < <J(e, </?), for all j = 0, 1, . . . , n(X n ) - 1. 



Hence for x G X m£ we have: 



VdVn(x n )(x) - / ^rf/^n 



< u$((p) < e. 



Thus all conditions of Lemma 12.31 are verified. Therefore every limit point p, 
of the sequence {p n } is ergodic. By assumption 5), x E {v>n) -> as n -> oo, 
and, by Lemma [2.H we have x E {l J ) = 0; that is, p is an ergodic invariant non- 
hyperbolic measure of /. To prove Proposition 12.51 it remains to check that the 
support of p is uncountable. We need the following lemma. Denote by Us(x) 
the ball of radius 5 centered at x. 



Lemma 2.7. Set r n = ^2 Ik- For every point x € X n one has p(U rn (x)) > 0. 

k=n 

We postpone the proof of Lemma 12.71 and complete the proof of the propo- 
sition assuming that Lemma [2.71 holds. By assumption 4), we have 



oo 



rnin,<fcd,- ^ d n 

k=n k=n 



E^<E 



< — . 



3-2 A 

Thus, by the choice of d n , any two closed r n -balls with centers at different points 
of an orbit X n are disjoint. But, by Lemma [2~7Tl p- measure of each of these balls 
is positive, hence measure p can not be supported on less than 7r(X n ) points. 
On the other hand, n is arbitrary, and periods vr(X n ) tend to infinity. Therefore 
measure p can not be supported on a finite set. Since an infinite support of an 
invariant ergodic non-atomic measure is a closed set without isolated points, it 
can not be countable. This completes the proof of Proposition 12.51 
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Proof of Lemma \2.7\ Take any n G N and any point x G X n . Note that in its 

-Xn+l,; 

r(X n ) 



7 n -neighborhood (7„ as in condition 3)) there are at least fy + \' £ points of the 



orbit X n+ x, where 

#-X"n+l,e _ #-^n+l,£ ^(^n+l) > ^(-^"n+l) __ - 

7r(X n ) 7r(X n+ i) n(X n ) ~ " n(X n ) 

Therefore, for all n G N and every point x G X n , 

Vn+l{U 7n {x)) > - * iXn \ = X n = K n fl n ({x}). (2) 

Notice that in the neighborhood U ln (x) there are p different points x\, . . . ,x p 
of the orbit X n+1 , where p > x„. Notice also that by the definition of 7„+i 
the family of neighborhoods {U 7n+1 (xi)}? =1 is pairwise disjoint and their union 
is contained in U 7n+1+7n (x). Therefore, since p > x n , and assuming that Xj 
minimizes the measure {^n+2(U ln+2 (xi))Y i=1) we have 

Hn+2(U~ fn+1+ln (x)) > ^ fi n+2 (U ln+1 (Xi)) > \H n - " +1 j Hn+2(U ln+2 (x jo )). 

Since Xj G X n+ i, equation (J5J) now gives 



ITT ( \\ ^ ( n ( X n+l)\ 

l^n+2{U 7n+1+ ^ n [X)) ^ I H n — Xn+1/^n+lW, 

V 7T(A n ) y 



JO' 



7r(X n+ i)\ 1 _ K n x n+ i 

x n I X n+ i 



7T(X n ) ; "^ 7T(X n+1 ) lt(X n ) 

= x n x n+1/ u n ({x}). 
Thus arguing inductively we have, for every x G X n , 

^ n+ i{U ln+l+ ... +ln+1+ln {x)) > (x n+£ ••• x n+ ix n )/i„({x}). 
Taking a limit and recalling equation (pQ), we have: 

(oo \ oo 

\\ ><k ] £*«({»}) > 0, where r n = ^7fc- 
k=n / k=n 

Therefore, Lemma [2.71 holds. □ 

The proof of Proposition 12.51 is now complete. □ 
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3 Homoclinic classes of C^-generic diffeomor- 
phisms 

Here we state some properties of homoclinic classes of C 1 -generic diffeomor- 
phisms that we will use to obtain periodic points having Lyapunov exponents 
close to zero. For this a key step is to get heterodimensional cycles associated 
to saddles in these non-hyperbolic homoclinic class. 

3.1 Generic properties 

There is a residual subset Q of Diff l (M) such that every diffeomorphism f E Q 
satisfies properties Rl)-R4) below. 

Rl) Every homoclinic class of / E Q containing saddles of indices a and b, 
a < b, also contains saddles of index c, for every c E (a, b) fl N. See 
[ABCDWl Theorem 1]. 

Consider a hyperbolic periodic point Pf of a diffeomorphism /. It is well 
known that there are open neighborhoods U of Pf in the manifold and U of / 
in Diff 1 (M) such that every g ElA has a unique hyperbolic periodic point P g of 
the same period as Pf in U. The point P g is called the continuation of Pf. 

R2) Given any f E Q and any pair of saddles Pf and Qf of /, there is a neigh- 
borhood Uf of / such that either H(P g , g) = H(Q g , g) for all g EUfdQ, 
or H(P g ,g) n H(Q g ,g) = f or all g EUfflQ. See [ABCDWl Lemma 
2.1] (this lemma follows from [CMP| IBCj using a standard genericity ar- 
gument). If the first case holds, H(P g ,g) = H(Q g ,g) for all g E Uf fl Q, 
we say that the saddles Pf and Qf are persistently linked in Uf. 

Clearly, homoclinically related saddles are persistently linked. In fact, to be 
homoclinically related is stronger than to be persistently linked. Homoclinically 
related saddles have the same index while there are persistently linked saddles 
having different indices (thus these saddles are not homoclinically related). 

In order to state the last two generic conditions we need some general facts 
about homoclinic classes of hyperbolic points with real multipliers. 

Definition 3.1. Let P be a periodic point of period tt(P) of a diffeomorphism 
f. We say that P has real multipliers if every eigenvalue X of Df n ( p \P) is 
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real and has multiplicity one, and two different eigenvalues of Df n ( p \P) have 
different absolute values. We order the eigenvalues of Df n ( p \P) in increasing 
ordering according their absolute values |Ai(P)| < ••• < |A m (P)| and say that 
Afc(P) is the k-th multiplier of P. 

Consider a saddle P with real multipliers with s + 1 contracting eigenvalues. 
Consider the bundle E ss C TpM corresponding to the first s contracting eigen- 
values of P and the strong stable manifold W SS (P) of P (defined as the only 
invariant manifold of dimension s tangent to the strong stable direction E ss ). 

Definition 3.2. We say that a periodic point P of saddle type with real multipli- 
ers is s-biaccumulated (by its homoclinic points) if both connected components 
of Wi oc (P) \ Wfo c (P) contain transverse homoclinic points of P. Define also 
u-biaccumulation by homoclinic points in a similar way. 

Remark 3.3. Notice that s- and u-biaccumulation are open properties. 

Note that if the homoclinic class of a saddle P is non-trivial then there is 
some transverse homoclinic point Z associated to P. By the Smale homoclinic 
theorem, there is a small neighborhood U of the orbits of P and Z such that the 
maximal invariant set Af(U) of / in U is a "horseshoe" (non-trivial hyperbolic 
set). Moreover, if P has real multipliers, we can assume (after a perturbation 
if needed) that the there is a P /-invariant splitting of T\ f (u)M of the form 
E ss © E cs © E u , where E ss is a strong stable bundle, E cs is a one-dimensional 
stable bundle, and E u is a unstable bundle. Then for any periodic point A e 
Af(U) there is defined its strong stable manifold W^ C (A), thus the notion of 
s-biaccumulation is well-defined for every periodic point in Af(U). 

The density of periodic points homoclinically related to P in the set Af(U) 
and the structure of local product immediately imply the following result. 

Lemma 3.4. Let P be a hyperbolic periodic point of f having real multipliers 
whose homoclinic class is nontrivial. Then there is a C x -open set U, f is in the 
closure of U, such that every g G U has hyperbolic saddles from A g {U) which 
are homoclinically related to P g and are s-biaccumulated by their transverse ho- 
moclinic points. Similarly, for u-biaccumulation. 

We can now formulate the last two genericity conditions that we need. Given 
a saddle P, we denote by Per^(H(P, /)) the saddles homoclinically related to 
P having real multipliers. Clearly, Pei^(H(P, /)) C H(P, f). 
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R3) For every diffeomorphism / G Q and every saddle P of f whose homoclinic 
class is non-trivial the set Per^(H(P, /)) is dense in the whole homoclinic 
class H(P,f). See |ABCDWl Proposition 2.3], which is just a dynamical 
reformulation of |BDP1 Lemmas 1.9 and 4.6]. Moreover, by Lemma 13.41 
we can also assume that there is a dense set of points in Per^(H(P, /)) 
which are s- (or u-) biaccumulated. 

R4) Consider an open set IA of Diff (M) such that there are hyperbolic saddles 
Pf and Qf which are persistently linked in IA. Suppose that the dimensions 
of their stable bundles are s + 1 and s, respectively. Then for every / from 
the residual subset Q D IA of IA and for every e > the sets 

Peri 1 " £ ' 1) (i7(P / ,/)) ={R f EPer R (H(P f ,f)) : \X s+1 (R f )\ G (1 - e, 1)}, 
Pe4> 1+£) (H(Q f J)) ={R f ePei R (H(Q f J)) : \X s+1 {R f )\ G (1, 1+e)} 

are dense in Per^ (i7(P/, /)) and Pei R (H(Qf, /)), respectively. This condi- 
tion is an immediate consequence of the results in [BDFj . By Lemma I3.4[ 
these saddles {Rf} can be taken also with the biaccumulation property. 

3.2 Creation of cycles 

In this section, we state results that allow us to generate heterodimesional cycles 
for persistently linked saddles. 

Proposition 3.5. Let IA be an open set of Diff 1 (M) such that there are saddles 
Pf and Qf (depending continuously on f e IA) with consecutive indices which 
are persistently linked in IA. Then there is a dense subset 7i of IA such that every 
diffeomorphism f E T~i has a coindex one heterodimensional cycle associated to 
saddles Af and Bf such that 

• the saddles Af and Bf have real multipliers, 

• the saddle Af is homoclinically related to Pf and the saddle Bf is homo- 
clinically related to Qf. 

Proof. First, note that since the saddles Pf and Qf are persistently linked, their 
homoclinic classes are both non-trivial. Note also that it is enough to prove this 
result in a small neighborhood V of / G IA fl Q (Q is the residual set of Diff (M) 
in Section 13.11) . By condition R3), every diffeomorphism / G Q HlA has a 
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pair of saddles Af and Bf with real multipliers and which are home-clinically 
related to Pf and Qf, respectively. In particular, the saddles Af and Bf verify 
H(AfJ) = H(PfJ) and H(B f ,f) = H(Q f J). Thus, by the definition of 
persistently linked saddles, after shrinking V we can assume that 

H(A f , f) = H(P f , f) = H(Q f , f) = H(B f , f), for every / G V n £. 

We now get heterodimensional cycles associated to Af and Bf. We use 
a standard argument which follows by applying twice Hayashi's Connecting 
Lemma to the saddles Af and Bf. 

Lemma 3.6 (Hayashi's Connecting Lemma, [HJ). Consider a diffeomorphism 
f with a pair of saddles Mf and Nf such that there are sequences of points T, 
and of natural numbers rii such that TJ accumulates to W^ c (Mf, f) and f ni {Ti) 
accumulates to Wy oc (Nf, f). Then there is g arbitrarily C 1 -close to f such that 
W»{M g ,g)nW s {N g ,g)^Q). 

Note that this lemma can be applied to any pair of saddles Mf and Nf in 
the same transitive set of / (for instance, a homoclinic class). 

We observe that our arguments are now local, thus by shrinking V, we can 
assume that the saddles Af and Bf are defined in the whole V. Consider the 
subsets of V defined by 

J ={ g eV:W s (A g ,g)n W"(B g ,g)^Q} and 
J ={ g eV:W^A g ,g)nW s (B g ,g)^$}. 

Since the set H(A g , g) = H(B g , g), g 6 Q, is transitive, we can apply Lemma [331 
to the saddles A g and B g , obtaining that the sets X and J are both dense in V. 

Suppose for a moment that the index of A g is less than the index of B g . Then 
the set X has non-empty interior and therefore X fl J is dense in V. Indeed, 
notice that the sum of the dimensions of the stable manifold of A g and the 
unstable manifold of B g is greater than the dimension of the ambient manifold. 
Thus, after a perturbation, an intersection between W s (A g ,g) and W u (B g ,g) 
can be made a transverse one, thus persistent after perturbations. Hence the 
set X contains an open an dense subset y of V. 

Finally, consider the set Ti = y fl J C X fl J . By the previous construction, 
TC is dense in V. Finally, by definition of X and ,7, the set Ti consists of 
diffeomorphisms g with a heterodimensional cycle associated to the saddles A g 
and B g . The proof of the proposition is now complete. □ 
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4 Generation of cycles and saddles with central 
exponents close to zero 

In this section, we state two technical propositions about generation of (het- 
erodimensional) cycles and of saddles with Lyapunov exponents close to zero in- 
side non-hyperbolic homoclinic classes of generic diffeomorphisms. In Section [51 
we will combine these results and the ones in Section [2] to get non-hyperbolic 
ergodic measures with uncountable support. 

Below we will restrict our attention to the dynamics in an open set V of M. 
Recall that Af(V) is the maximal invariant set of / in V, Af(V) = (^iezf l (V). 

Definition 4.1 (V-relative dynamics). 

• A pair of saddles A and B of different indices have a V^-related (heterodi- 
mensional) cycle if the set V contains the orbits of A and B and there are 
heteroclinic points X G W n (A) n W S {B) and Y G W S {A) n W U (B) whose 
orbits are contained in V . 

• Two saddles A and A' are V^-homoclinically related if V is a neighborhood 
of the orbits of A and A' and there are heteroclinic points Z G W /S (A) fl 
W n (A') and Z' G W U (A) fl W S (A') whose orbits are contained in V. 

• Consider a saddle A with real multipliers and a neighborhood V of it. The 
saddle A is V^-s-biaccumulated if both connected components ofWy oc (A) \ 
W^ C (A) contain homoclinic points of A whose orbits are contained in V. 
We define V^-u-biaccumulation similarly. 

In order to state the two main technical results of this section, we need 
the following lemma (which easily follows from the A-lemma and the Smale's 
homoclinic theorem; we present the proof at the end of Section 14.11) which 
allows us to identify a fixed region of the manifold where the dynamics in a 
neighborhood of a cycle is partially hyperbolic: 

Lemma 4.2. Let f be a diffeomorphism with a heterodimensional cycle associ- 
ated to saddles Af and Bf such that 

• the saddles Af and Bf have real multipliers and index (Af)+1 = index (Bf); 

• Af is s-biaccumulated and Bf is u-biaccumulated. 
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Then arbitrarily C l -close to f there are diffeomorphisms g such that for some 
open set VCM 

• the set A g (y) is partially hyperbolic (with a splitting E ss © E c © E nu , E c 
is one-dimensional) ; 

• A g is V -s-biaccumulated and B g is V -u-biaccumulated; 

• the diffeomorphism g has a V -related cycle associated to A g and B g . 

Lemma 14.21 will be used in Section [5] just once, at the beginning of the 
construction, to get an open set where the relative dynamics is partially hyper- 
bolic. The two propositions below will be used on each step of the inductive 
construction in Section [51 

Proposition 4.3. Let f have a V -related cycle associated to saddles Af and 
Bf such that 

• Af and Bf have real multipliers and index (Af) + 1 = index (Bf); 

• Af is V -s-biaccumulated and Bf is V -u-biaccumulated; 

• the set A g (V) is partially hyperbolic (with a splitting E ss © E c © E un , E c 
is one- dimensional) . 

Then arbitrarily C 1 -close to f there is an open set £ C Diff (M) exhibiting a 
dense subset T> C S such that every diffeomorphism g G X> has a V -related cycle 
associated with A g and B g . 

Remark 4.4. Weaker versions (without biaccumulation hypotheses) of Propo- 
sition \4l\ can be obtained following |BD4] . Here we need two extra conclusions 
which do not follow straightforwardly from [BD4j and whose proofs demand some 
adaptations. We first need that the persistent cycles were associated to the con- 
tinuation of the initial saddles. Second, these cycles must be V -related. To get 
these conclusions we use the biaccumulation hypotheses. 

Given an open set V, we say that two invariant manifolds of a diffeomorphism 
are V -related if they have an intersection point whose orbit is contained in V. 
The following extension of |BDF1 Proposition 4.1] is the main technical step in 
the proof of Proposition 14.31 It will also be used in Section [5j 



21 



Proposition 4.5. Let f be a diffeomorphism with a V -related cycle associated 
to saddles Af and Bf such that 

(i) the saddles Af and Bf have real multipliers; 

(ii) index(Af) + 1 = index (I?f); 

(iii) Aj is V -s-biaccumulated, and Bf is V -u-biaccumulated. 

Then there are sequences of natural numbers l^^m^, that tend to infinity as 
k — > oo, and a sequence of diffeomorphisms fk, fk ~* f as k ^ oo, such that 
fk coincides with f along the orbits of Af and Bf, and has a hyperbolic saddle 
Rk £ Af k (V) having real multipliers with the following properties: 

(1) fix neighborhoods Ub of the orbit of Bf and Ua of the orbit of Af; the 
orbit of the saddle Rk spends a fixed number tu^ (independent of k) of 
iterates to go from Ub to Ua, then it remains £kir(Af) iterates in Ua, 
then it takes a fixed number of iterates tn, ja \ (independent of k) to go from 
Ua to Ub, and finally it remains mkit(Bf) iterates in Ub- In particular, 
there is a constant t e N independent of k such that the period of Rk is 
n(R k ) = m k ir(Bf) + £ k ir(A f ) + t; 

(2) there is a constant 6 > independent of k such that the central multiplier 
ofRE satisfies Q~ l < \X c (R k )\ < 6. 

Suppose also that the central multiplier \ c (Af) of Af is close to one. Then 

(3) Rk has the same index as Bf and is V -homoclinically related to Bf; 

(4) W s (R k ) and W uu (R k ) are V -related, and W uu (R k ) and W s (B f ) are V- 
related (these intersections are quasi-transverse) ; 

(5) there is a V -related cycle associated to Rk and Af. 

The dynamical configuration of Proposition I4.5I is depicted in Figure HJ 
We will prove Propositions I4.3I and I4.5I in Section H~5l In order to do that, 
we first consider special cycles (the so-called simple cycles) and study their 
unfolding by special parametrized families of diffeomorphisms. In Section [5j 
using Propositions I4.5I and I4.3I we will conclude the proof of Theorem [TJ 



8 Let £ = m mdcx(Bf), the central multiplier of R^ is its £-th multiplier, where m is the 
dimension of the ambient manifold. See also Definition! 
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W"{R k 




Figure 1: Dynamical configuration in Proposition 14.51 



4.1 Simple heterodimensional cycles 



We adapt here some constructions from |ABCDW] IBD4|, IBDFj . The details of 
these constructions can be found in |ABCDWl Section 3.1] and [BD4} Section 
3]. 

Definition 4.6 (Co-index one cycles and central multipliers). Let f be a dif- 
feomorphism with a heterodimensional cycle associated to saddles A and B. 

• The cycle has co-index one if index (A) = index (B) ± 1. 

• Assume that the saddles A and B have real multipliers and let (s + 1) and 
s be the dimensions of the stable bundles of A and B, respectively. The 
central multipliers of the cycle are the (s + l)-th multipliers of A and B, 
denoted by X C (A) and \ C (B), respectively. 

Consider a diffeomorphism / with a co-index one cycle associated to saddles 
A and B with real multipliers as above. Fix heteroclinic points of the cycle 

X eW s (AJ)nW n (BJ) and Y e W U (A, f) n W S (B, f) 

and a small neighborhood Vq of the orbits of the saddles A and B in the cycle 
and the heteroclinic points X and Y. In this way, we get a Vo-related cycle. 

Notice that the saddles A and B have indices (m — s — 1) and (m — s), 
where m is the dimension of the ambient manifold M. Since the saddles have 
real multipliers, there is a (unique) .D /-invariant dominated splitting defined on 
the union of the orbits Oa of A and Ob of B, 



T X M = El 



El © El 



x eO A UO 



B, 
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where dimi^ = 1, dimE^ = s, and dim£'" u = (m — s — 1) = u. After a 
perturbation (while keeping the cycle), we can assume that there are neighbor- 
hoods Ua and Ub of Oa and Ob, contained in the set Vo, and coordinates in 
these neighborhoods where f n ( A > and f n( - B > are linear maps, and the splitting 
E ss ®E C ® E uu is of the form 

E ss = W x {(0, 0")}, E c = {0 s } xRx {0 U }, E un = {(0 s , 0)} x R u . 

Observe that the sum of the dimensions of W /S (A, /) and W U (B, f) is (m+1). 
Thus, after another perturbation, we can assume that the intersection at the 
heteroclinic point X e W s (A,f) D W u (B,f) is transverse. Similarly, we can 
also assume that the intersection between iy u (A, /) and W S (B, f) at Y is quasi- 
transverse, i.e., T Y W U (AJ) +T Y W S (BJ) = T Y W U (A, /) © T Y W S (B, f) and 
this sum has dimension (m — 1). 

Take small neighborhoods Ux and U Y of the heteroclinic points X and Y 
and natural numbers n and m such that 

r(U x )cU A , r n (U x )cU B , r m (U Y )cU A , and f m (U Y ) C U B 

and 

n m 

|J f{U x ) C Vq and |J f(U Y ) C V . 



-n 



Consider the transition times tn, ta ) = In and t{ a ,V) = 2m and define tran- 
sition maps X( a ,&) from Ua to Ub and T(&, a ) from C/b to Ua defined on small 
neighborhoods Uy C U A of /""(y) = Y~ and f/ x C U B of /-"(X) = X~ as 
follows 

% = /*(-« :Uy-*U B and X (M = /*»-) : f/ x - C/ A . 

After a perturbation, we can assume that the Vo-related cycle is simple^. This 
means that in the local coordinates in Ua and Ub above one can write 

£(&,a) = (^(V)>^(M>-^(m) all d ^-(o,6) = (^( S o,6)j^( C o,6)j^(a,6)) 

where 



9 We use the notation in |BD4( Definition 3.5] corresponding to the affine cycles in 
ABCDW . The difference between these two definitions is that in |BD4j the central com- 
ponents T? b) and T? b s of the transitions are isometries while in [ABCDW] are just affine 
maps. 
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S1 )^) : 



andCra^-' 



(hj)< 



l u are affine contractions; 



are affine isometries. Moreover, T? b , is 



S2) T^ b) : R - R and T^ a) : R - 

linear (note that the central coordinates of the heteroclinic points f~ m {Y) 
and f m (Y) are both zero). 




(0,6) 

Figure 2: Simple cycle 



As the splitting E ss © E c © i? uu is dominated, properties SI) and S2) can 
be obtained making perturbations along the finite orbits {f~ n (X), . . . , f n (X)} 
and {f~ m (Y), . . . , f m (Y)}, after increasing the transition times n and m and 
shrinking the neighborhood Vo, if necessary. 

The points X e W S (A, /) n lf u (5, /) and F e VT U (A, /) n W S (B, f) are the 
transverse and quasi-transverse heteroclinic intersections of the simple cycle and 
the set Vo is a neighborhood of the simple cycle. Note that the cycle associated 
to the saddles A and B with heteroclinic orbits X and Y is Vo-related. We refer 
to this sort of cycles as Vo-related simple cycles. 

The previous construction gives the (affine) dynamics of / in the neighbor- 
hood Vq °f the cycle. Note that he dynamics on the maximal invariant set of / 
in Vq is partially hyperbolic (with a splitting E ss © E c © E nn ). We say that V is 
a partially hyperbolic neighborhood. This property persists after perturbations. 

Next lemma summarizes the construction above: 



Lemma 4.7. ([A BCDWl Lemma 3.4], [BD4, Proposition 3.6]) Suppose 



a diffeomorphism f has a co-index one cycle associated to saddles Af and Bf 
with real multipliers. Then there are an open set Vq C M and a diffeomorphism 
g arbitrarily C 1 -close to f having a Vo-related simple cycle associated to A g and 
B g . Moreover, the dynamics of g in Vq is partially hyperbolic. 
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4.1.1 Sketch of the proof of Lemma 14.21 

This lemma is consequence of the previous constructions. By Lemma 14771 there 
is g arbitrarily close to / and an open set Vq C M such that g has a Vo-related 
simple cycle. In particular, the dynamics of g in Vq is partially hyperbolic. 

Consider the saddle A g with real multipliers. Since the initial saddle Af is s- 
biaccumulated, there are transverse homoclinic points of A g in both components 
of (W\ oc (A g ) \ Wfo c (A g )), recall Remark [3731 We take now a small neighborhood 
Va of the orbits of these transverse homoclinic points and of the orbit of A g . 
By the homoclinic theorem, if this neighborhood is small enough, the maximal 
invariant set of g in Va is hyperbolic, and (after a perturbation, if necessary) 
each bundle of this splitting is the sum of one- dimensional invariant bundles. 
We define the set V# similarly (using that B g is u-biaccumulated) . Now it 
suffices to consider V = Vo U Va U Vb- n 

4.2 Unfolding of simple cycles 

In this section, we consider the unfolding of simple cycles via special families 
of diffeomorphisms preserving the partially hyperbolic structure of the cycle. 
Our goal is to generate periodic points with bounded central multipliers (as the 
points Rk in Proposition 14.51) . Later, in Section [4.41 we obtain these saddles 
satisfying some additional (homoclinic/heteroclinic) intersection properties. 

Consider a diffeomorphism / having a simple cycle associated to saddles A 
and B (since in this section these points remain fixed we will omit the subscript 
denoting the dependence on the diffeomorphism), index(v4) = index(S) — 1, het- 
eroclinic points X (transverse) and Y (quasi-transverse), and associated neigh- 
borhood Vo, as in Section 14.11 Following the notation in Section 14.11 consider 
the one-parameter family of transitions (%( a ,b),v)v from A to B that in the local 
coordinates has the form 

For every small u, there is a perturbation f u of / in a vicinity of the heteroclinic 
point f m (Y) = Y + such that (in local coordinates) one has 

fj a - b) (x s , x, x u ) = f^ (x s , x, x u ) + (0 s , i/, 0"). 

Thus the orbits of A and B are not modified and A and B are periodic points 
of f u . Note also that f v (b,a) coincides with X(&, a ) in the neighborhood U^ of 
f~ n (X) = X~ (recall that X is the transverse heteroclinic point of the cycle). 
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Note that by construction, for all large £ and m, there is a small neighbor- 
hood U^ m C Ub close to X~ with 

(f*' ,m K m = f m7T{B) ° *(*>» ° f i7T(A) ° T (M : ^.™ ~> Ub ' 

where 

7^, m = mn(B) + £( a ,&) + £tt(A) +t (M . 

Lemma 4.8. For all large £ and m, there is v^ m , u^ m —>■ as £,m — » oo ; suc/i 
t/iat / I/£m /ios a saddle R^ m G A^ (Vo) suc/i i/iai m i/ie coordinates in Ub one 
has R t>m = (rl m ,c,r% m ) G C/ B , |r|^| ^ as £, m — ► oo. JTie period of R^ m is 

n(Re, m ) = m n(B) + £ n(A) + t( a ,b) + t(b,a) 

and its central multiplier satisfies 

\X c (R e , m )\ = \(X c (B)) m (X c (A)Y\. 

Moreover, if Re, m is hyperbolic then index (Re >m ) G {index (A), index (B)}, ac- 
cording to the absolute value of X c (Re t m). 

Remark 4.9. Due to the construction above the saddle R^ m satisfies item 1) 
in Proposition \4-5[ To prove 2)-5) in Proposition \4-5[ we will need a more 
accurate control of the central dynamics of the cycle and use the biaccumulation 
properties. For that we need to take a sequence (£k,Tnk) of the integers above 
and let R k = Ri k , mk - 

Remark 4.10. By construction, in the neighborhood Vq of the simple cycle the 
diffeomorphisms f v keep invariant the codimension one foliation generated by 
the sum of the strong stable and strong unstable directions (hyperplanes parallel 
to W x {0} x M. u ). Moreover, every /„ acts hyperbolically on these hyperplanes. 
We consider the quotient dynamics by these hyperplanes. Periodic points of 
this quotient (one dimensional) dynamics correspond to periodic points of the 
diffeomorphism f v . If the periodic point of the quotient dynamics is expanding 
the corresponding periodic point of f v has the same index as B. 



Proof of Lemma 4-8: Suppose for simplicity that in our local coordinates 



X- = f- n (X) = (0 s , 1, U ) G U B , X + = f n (X) = (0 s , -1, 0") G U A 
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Note that T? ab s(x) = rx, where r = ±1. Fix large £ and m and B, and let 

u eym = (X c (B))- m + r(X c (A)Y, v e , m ^0 as £,m -> oo. 
Therefore, by definition of z/^ m , 

(A c ( J B)r(-r(A c (A)) £ + ^ m ) = l. (3) 

This choice and equalities 

T (b,a) ( 1 ) = - * > T M« ! J I )= T M( 3; ) + ^ = " + 1, f im 
imply that 1 is a fixed point of the quotient dynamics: 

(A c (5)) m ° ^^ o (\^A)Y o T ( C M (1) = 

= (\ c (B)) m °T^ em o(\c(A)n-l) = 
= (\ c (B)roT^ ue J-(\%A)Y) = 
= (\ c (B)) m (-r(\ c (A)Y + ^ m ) = l. 

Since /^ ;m = f U(m preserves the E ss , E un , and E c directions, the hyperbolicity 
of the directions E ss and E un implies that the map 

has a fixed point R^ m = (r| m , 1, r" m ). The uniform expansion of Df w ^ and 
of Df*( B ' in the _E UU direction in the sets LOl and C/g imply that |r" m | — > as 
£, m — »■ oo. Similarly, the uniform contraction of Df 71 ^ and of Df w ^ in the 
_E SS direction gives |r| m | — > as £, m — > oo. 

Since the transitions T? al)) and 7} c 6a -, are isometries and central direction is 
preserved by /„, the central multiplier A c (i?^ m ) of R^ m satisfies 

|A c (i?,, m )| = \(X c (B)r (X C (A)Y\. 

Finally, by construction, the whole orbit of R^ m is contained in the neighbor- 
hood Vo of the simple cycle. This completes the proof of the lemma. □ 

Consider a partially hyperbolic saddle P of a diffeomorphism / with a split- 
ting E ss (B E c (B E nu , where E c is a one-dimensional (central) direction. Consider 
the strong stable manifold W SS (P) of P tangent to the strong stable direction 
E ss and the strong unstable manifold W nu (P) of P tangent to E nu . Note that if 
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P is hyperbolic and E c is expanding (resp. contracting) then W SS (P) = W S (P) 
(resp. W UU (P) = W U (P)). 

Given partially hyperbolic saddles P and Q as above and an open set U 
containing the orbits of P and Q, for i,j G {s, ss, u, uu}, we write P fly,!/ Q if 
there is I 6 W\P) fl iy j (Q) whose orbit is contained in U (i.e., W l (P) and 
VV-'(Q) are CZ-related). We write P rhy.t/ Q if this intersection is transverse. 

Note that the proof of Lemma 14.81 immediately implies the following: 



Lemma 4.11. The saddle Re :m in Lemma \4-8\ satisfies 



(i) A (ti S)UU) vb R i,m and (ii) Re, m rh ss,u,v B. 

4.3 Simple cycles of biaccumulated saddles 

In this section, we consider simple cycles associated to saddles which are biac- 
cumulated. We will see that, in this case, the simple cycle can be chosen (after a 
perturbation) satisfying some additional properties that we proceed to explain. 

Consider a simple cycle associated to saddles A and B, with index (A) + 1 = 
index (B), such that A is s-biaccumulated. Let X be the transverse heteroclinic 
point of this cycle, X e W S (A) n W n (B), and denote by Wx(A) the connected 
component of (W /S (A) \ W SS (A)) containing X. By the s-biaccumulation prop- 
erty, there is some transverse homoclinic point ( of A in W X (A). Then, by the 
Smale's homoclinic theorem, there is a small neighborhood Ua,c of the orbits of 
A and ( such that the set Af(UAx) * s hyperbolic. Moreover, since the saddle 
A has real multipliers, after a perturbation of /, we can assume that Af(U^) 
has a hyperbolic splitting consisting of one-dimensional bundles. In this case, 
we say that Ua,c, is an ^-adapted neighborhood of A and (,. 

If the saddle B is u-biaccumulated, there is a transverse homoclinic point d 
of B in the component W X {B) of (W U (B) \ W UU (B)) containing X. We define 
u-adapted neighborhoods of B and $ in a similar way. 

We use the next lemma to get relative cycles associated to A and B in a set 
where the dynamics is partially hyperbolic. 

Lemma 4.12. Consider a simple cycle associated to saddles A and B, with 
index (A) + 1 = index (B), such that A and B are s- and u-biaccumulated, 
respectively. Let Vq be the neighborhood of the simple cycle and X e Vr s (A) rh 
W n {B) and Y e W U (A) n W S {B) be its heteroclinic orbits. 
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Then there is g arbitrarily close to f with a simple cycle associated to A 
and B, heteroclinic points X and Y , and an associated neighborhood V C 
Vq, having the following additional properties. There are transverse homoclinic 
points ( E W s x {A,g) of A andtie W£(B,g) of B , disks A U (C) C W u (A,g) and 
A s (i?) C W B (B,g), and adapted neighborhoods Ua,( and Ub,$ such that 

• the maximal invariant set in 

V = Uju U U b # U V (4) 

admits a Dg-invariant splitting consisting of one dimensional bundles, 

• in the local coordinates in A and after replacing X + and ( by forward 
iterates, we have that X + = (0 s , -1, O u ), ( = (C -1, 0"), and 

oo 

A u (C) = {(C s ,-l)}x[-l,irc^ u (A^) and \Jg-\A u )cV, (5) 



in the local coordinates in B and after replacing X and $ by backward 
iterates, we have that X- = (0 s , 1,0 U ), i? = (0 s , l,iT) ; and 

oo 

A s (tf) = [-1, l] s x {(1, iT)} c W S {B, g) and \J g\A s ) C V. (6) 

i=0 



Observe that we can assume that the neighborhood V is a neighborhood 
satisfying Lemma [4.21 

In |BD4j (see, for instance, its Section 5.2) are obtained similar results in a 
slightly different context. Thus we just sketch the standard proof of the lemma. 

Proof. Since the dynamics in the sets Ua,£, Ub,&, and Vo is partially hyperbolic, 
the first assertion (partial hyperbolicity) immediately follows. 

The proof of the second item consists of two steps. First, one considers 
a small disk AJJ C VF U (^4) fl Vq containing some forward iterate of £. After 
replacing ( and Aq by some forward iterates of them and a perturbation, one 
can assume that Aq is parallel to the unstable direction, that is, in the local 
coordinates at A, one has 

C = (C s ,C c ,0"), CV0 s , and AS = {(C s ,C c )}x[-l,ir. 

30 



Replacing ( and X + by some iterates, we can assume that X + = (0 s , —1,0") 
and C c E [-l,-X c (A)). If C c = -1 we just take A£ = A U (C). Otherwise, we 
select a small neighborhood of ( (which does not intersect the central direction) 
and along a segment of orbit of £ (we will precise its length) we consider a 
perturbation f t (small t) of / which is a scaled ^-translation of / in the central 
direction. More precisely, for simplicity let A = X C {A), then in a vicinity of / t l (C) 
the perturbation is of the form 

/t(O = /(O + (0 s ,A 4 t,0"). 

We claim that for every large k there is t k , t k — > as k — > oo, such that 

(fUOT = -A fc+1 = (ft + \x + )y = (f k+1 (x+)y. (7) 

This implies that / t fe (£) and f k+1 (X + ) have the same central component. More- 
over, as the perturbation preserves the unstable direction, after replacing ( and 
X + by f t k k (Q and f t k h +l (X+) = f k+1 (X+), we obtain the result for g = ft k - In 
that case, we consider a perturbation only along the first k iterates of £. 
To get the claim we first observe that one inductively gets 

Or(C)) c = A"C c + nA ft - 1 t 

Therefore, to get (J7|) it is enough to choose 

\ k C + k\ k - 1 t k = -\ k+1 , t k 



k ac i u \*=-l+ \k+l , AC A z 



k 

The proof of the third item is analogous to the one of the second one. This 
completes the sketch of the proof of the lemma. □ 

4.4 Quotient dynamics and heteroclinic/homoclinic in- 
tersections 

In this section, we study the semi-local dynamics of diffeomorphism with sim- 
ple cycles with biaccumulation properties satisfying Lemma 14.121 (by semi-local 
we mean the dynamics in a partially hyperbolic neighborhood V as in (j4])). 
The first step is to write the homoclinic/heteroclinic intersection properties in 
Proposition 14.51 (items 3)-5)) in terms of the quotient dynamics. 

Next lemma (corresponding to |BD4t Proposition 3.8]) states a relation be- 
tween ^-related intersections of invariant manifolds and the quotient dynamics. 
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Write A = \ C (A) and (3 = \ C (B) and denote by f\ and fp the restrictions of 
f n ( A ^ and f n ( B *) to the central directions in the neighborhoods U a and Ub of the 
saddles in the cycle. Note that these maps are just multiplications by A and j3. 
In this notation, the subscript A and (3 denote the eigenvalue of this linear map. 

Lemma 4.13. Let f be a diffeomorphism with a simple cycle with biaccumu- 
lation properties as in Lemma J^.12 . Consider the parameter v = v^ m , the 
diffeomorphism f Vtm , and the saddle Re, m in Lemma \4 . 8\ Assume that there 
are large k and h 6 N, (k, h) ^ (£,m), such that 

fi ° T kb)^ im ° fx o T ( C M (1) = fi(r /I(-l) + i*, m ) = P h (-T X r + i*, m ) = 1. 
Then, ifVo is the neighborhood in (j4]), the following holds 



(i) Ri, m n SSjll7 v A, 
(iii) Rt,m n 8S)UUj y Re t m, 



(ii) B r\ UU) y R^m, 
(iv) B n S)U)Fo A. 



Remark 4.14. The intersection properties in Lemmas J^.13 and 4-H imply 
items 3)-5) in Proposition \4 . 5\ 

• item 3) (B and R^ m are homoclinically related) follows immediately from 
ii) in Lemma \4-H\ and ii) in Lemma \4-13\ 

• the V -related intersections in item 4) are just iii) and ii) in Lemma J^.13\ 

• item 5) (cycle associated to A and Rg tm ) follows from i) in Lemma \4-ll 



and i) in Lemma 4.13. 



Proof. The proof follows arguing exactly as in the construction of the points 
Re t m in Lemma [4.81 We explain how to obtain the relation R^ m n uU)SS y R^ m . 
The other properties follow analogously after doing the corresponding identi- 
fications via the quotient by the strong stable/unstable hyperplanes. In the 
coordinates in Ub we have 

WC c (Re,m) = {(ri m ,l)}x[-l,l] u . 

Since the directions E ss , E c and E un are preserved, by the definition of (k, h), 
there is a disk A u C [—1, l] u such that 

( hir{B)+t {atb) +k-K(A)+t {bM) 



/. 



"*,i 



'({K m ,l)}xA") = 
f h * {B) o X (Bl6) ^ m o /M*> o % {b , a) ({(rim, 1)} x A u ) 

{(e, # ° T^ b)Mim o /* o t ( c m (i))} x [-i, i]" = 
{(e,i)}x[-i,if, 
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for some £ s . Since, in the coordinates in Ub, W^ c (Rt jTn ) = [— 1, l] s x {(l,rf m )}, 
we get that W un (Ri tm ) meets W &s (R^ m ). Finally, this intersection can be taken 
Vo-relative: we just consider points of the disk {(r^ m , 1)} x A u whose (segment) 
of orbit remains in Vq. Actually, in this part we do not use the biaccumaltion 
properties and only consider iterations in a neighborhood of the simple cycle. 

To get the other properties in the lemma, we proceed exactly as above 
considering the disks A U (C) = {(( s , -1)} x [-1,1]" C W U (A) and A s (tf) = 
[-1,1]* x {(l,$ u )} C W B (B) in Lemma EH (see equations © and ©). This 
completes the sketch of the proof of Lemma 14.131 □ 

We now see how the conditions in Lemma [4.131 are obtained in our setting. 
For that we modify the maps f\ and fp locally, but the resulting diffeomorphisms 
still preserve the bundles E ss , E c and E nn . 



Lemma 4.15. (| IBD4|, Corollaries 3.13 and 3.15]) We use the notation 



above. For every large K G N and every e > there are (3 G {(3 — £,/3 + e), 
£ G (0,e), and natural numbers k,p,q > K , k is even, such that 

/| ° T^ bluk o /* o T ( C M (1) = 1 and /J o T^^ o f^ o T ( C M (1) = 1, 

where 

J |A fc ~ 2 | + £, i/T, c s() v preserves the orientation, 
\ — |A fc |+£, ifT( ab \ reverses the orientation. 

Moreover, ifT? b , preserves the orientation then p = p(k) and q = q(£), q(£) — » 
oo as £ — > + ; and ifT? aV) reverses the orientation then q = q{k) and p = p(£) 

(p{€) ^ooffls^ o+;. ' 

Proof. To give an idea of the proof of Lemma 14.151 we consider the orientation 
preserving case (the orientation reversing case is similar and is left to a reader). 
Note that if we take v = |A fc_2 |, for some large k, then there are p = p(k) and 
(3 close to (3 with 

Therefore 

k-2\ 



I3 p (-\\ k \ + \\\ k - 1 ) = 1 



fl o T^ o /* o T ( C M (1) = /? (-|A fe | + \\r 2 ) = 1. 
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Note also that this choice of v gives 



|A| 



fe-2\ 



0. 



To complete the proof we just need to choose arbitrarily small £ and a new 
(3 (close to (3) such that 



|A fc | + |A|*- 2 + = l- 



P~ q = £ and [3 P 
Then for v = v + £ the following equations hold simultaneously (see Figure [3]): 



P~* = t 



f>T? h) ^of^oT? b M) = l 



for some g = q(£), q(£) — > oo as £ — > 0, and 

^ (-|A fe | + |A| fc - 2 + = 1 =► /f o T ( c a]6)) ^ o / A fc o T ( C M (1) = 1. 
This completes the proof of the lemma. 



□ 



Notice that, using the notation above, there are two periodic points for /„, 

Rk,p an d Rk-2,q- 

We now explain our choice of the periodic point Re, m . This choice depends 
on whether or not the map T? b , preserves the orientation, and is done bearing 
in mind that we want to get periodic points R^ m with uniformly bounded (with 
respect to £ and m chosen in a specified way) central multipliers. 
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First, if T?^ is orientation preserving then we let £ = k and m = p. To 
calculate the central multiplier of Re, m note that X e = \X e \ (£ — k is even) and 
that, in this case, fS 1 o T? ah) v ° f\°T? h Al) = 1 for v — \\ l ~ 2 \ + £ means 

^(_|A^| + |A|^ 2 + = 1 => \P m \ i \= [ - P .Y . (8) 

1 — A 

In the reversing orientation case, we let I = k — 2 and m = q. In this case, 
ff ° ^^ ° /a ° r ( c M (l) = 1 for i/ = -|A^+ 2 | + i implies that 

^ m (M-iAr 2 +o = i =► i^ m A £ i = (1 r^ 2 e) - ( 9 ) 

i — \ z 

Notice that here we used essentially the specific choice of I and m above. 
Notice also that in both cases the choice of £ and m can be done before the 
choice of £. Thus, for chosen m and £, taking small ^ implies that the absolute 
value of the central multiplier of R^ m (which is \/3 m X e \) is uniformly bounded 
(independently of chosen £ and m). Finally, we get the following statement. 

Lemma 4.16. There is > such that the absolute value of the central mul- 
tiplier of the point R^ m satisfies -1 < |A c (i?^ m )| < 8, for all large £ and m 
chosen as above. Therefore, the saddle Re, m satisfies item 2) in Proposition ^. 5{ 

4.5 Proofs of Propositions 14.51 and 14.31 

4.5.1 Proof of Proposition [4751 

Consider the partially hyperbolic neighborhood V in (j3j) in Lemma 14.121 and 
the sequence of parameters v^ in Lemma 14.151 Let R& be the periodic point of 
f Uh given by Lemma [4.131 (with the notation of this lemma, Rk = Rt k ,m k )- We 
claim that these saddles satisfy the conclusions in Proposition 14.51 The period 
of Rk is given by Lemma 14.81 and the estimate on the central multiplier and the 
itinerary of this saddle are provided by Lemma \A. 161 Finally, since the splitting 
of A/ fc (V) consists of one-dimensional directions (Lemma 14. 12p this saddle has 
real multipliers. 

Taking small £ > in equations (jSJ) and §§§ and noting that m remains fixed 
and A = \ c (Af) is close to one, one gets that Rk and Bf have the same index. 

The intersection properties in items 3)-5) follow from Lemmas 14.1 II and !4. 131 
as stated in Remark 14.141 This concludes the proof of Proposition 14.51 □ 
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4.5.2 Proof of Proposition 14.31 

The proof of Proposition 14.31 follows from the previous constructions and the 



ones in 



BD4] , where it is proved that every co- index one cycle generates robust 



cycleso. The key step of the construction in [BD4] is to obtain a partially hyper- 
bolic saddle S with a real multiplier close to one having a strong stable/unstable 
connexion W^S 1 ) fl W un (S) ^ 0, exactly as the points Rk in Proposition 14.51 
(note that, a priori, the central multiplier of Rk is not close to one). Such a 
dynamical configuration generates cycles via a blender-like construction that we 
will explain below. As the existence of a blender structure is open (see |BD1} 
Lemma 1.11]), we can explain the proof for a special linear perturbation. We 
will follow the model in [BDV1] . For a discussion of the notion of blender see 
[BDV2, Chapter 6.2]. We now go to the details of this construction. 

Applying Proposition UJ3 to the partially hyperbolic neighborhood V, we get 
a sequence of diffeomorphisms /& converging to / such that every fk has a saddle 
Rk satisfying the conclusions of Proposition 14.51 To get these saddles having 
central multipliers with modulus close to one we use the following lemma: 

Lemma 4.17 (Franks' Lemma, [F]). Consider a diffeomorphism f and an e- 
perturbation A of the derivative Df of f along an f -invariant finite set E. Then, 
for every neighborhood U of E ; there is a diffeomorphism g C 1 -e-close to f such 
that g(x) = f(x), if x G E or if x $_U , and Dg(x) = A(x), for all x e E. 

Recall that the periods 7t(Rk) go to infinity as k — > oo and that the central 
multipliers |A c (i4)| are uniformly bounded. To get a saddle Rk (satisfying 
Proposition 14.5ft whose central multiplier has modulus close to 1 it is enough 
to consider a multiplication in the central direction along the orbit of Rk by a 
factor (1 + s) lA^-Rfc)! -1 / 71 "^) (which is close to (1 + e) for large k) preserving 
the partially hyperbolic splitting and apply Lemma 14.171 

We now proceed to explain the blender-like construction when the multiplier 
of Rk is positive (see |BD4] for the negative casejij. Assume that, in our local 
coordinates, the point R = Rk = (0 s , 0, U ) and that the local dynamics at R 



10 Consider / with a co-index one cycle, then there is a C^-open set U whose closure contains 
/ such that very g Gl4 has transitive hyperbolic sets A g and S g of different indices such that 
W u (E g ) n W s (A g ) ^ and W 8 (S fl ) n W u (A g ) =4 0. Necessarily, at least one of these sets is 
non-trivial. 

11 In fact, our construction can be modified to get the saddles Rk in Proposition 14. 51 having 
positive central multipliers, but this construction is much more involved. 
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is linear, f(x s ,x,x u ) = (A s (x s ), ax, A u (x u )), where A s is a contracting matrix, 
A u is expanding, and X C {R) = a G (1,2). By 4) in Proposition 14.51 there is a 
strong stable/unstable intersection associated to R: there are a small disk D u C 
{(0 s , 0)} x [-1,1]" C W U (R) and fc such that f k °(D u ) = {(k s ,0)} x [-1, If 
(the first ko iterates of D n are contained in Vo). We consider a one parameter 
family of diffeomorphisms (perturbations of / in a neighborhood of D u ) such 
that if (x s , x, x u ) is in a neighborhood of D u then 

f t ho (x s ,x,x u ) = f(x s ,x,x u ) + (0 s ,t,0 u ). 

Consider t < and the cube 

C = [-1, l] s x [0, |i|/(cr - 1)] x [-1, 1]" C V 

Now [BDVll lemma in page 717] implies the following intersection property: 

Intersection property: Consider the disk AV , = {d^} x [p 1; p 2 ] x [—1, 1]" C 
C , p\ < p2- Then there is a point X of transverse intersection between W S (R) 
and AY , whose forward orbit is contained in V , see Figure^ 





W S {R) 



\t\/(a-l) 
1.P2] 
Figure 4: Intersection properties 



A u 



Since we have B fl SiUU y R and A n u , s ,v R (recall items 4) and 5) of Proposi- 
tion 03]), there are compact disks K S (B) C W S (B) and K U (A) C iy u (v4) (con- 
tained in V) close to M^, c (i?) and W^(R), respectively. We can now consider a 
local perturbation g of f t (in a domain different of the family of perturbations 
ft) such that in the local coordinates at R one has (see Figure E]) 



K»(A) = {(og, 00)} x [-1,1]", 

K S (B) =i-l,iyx{(b ,b%)}, 



o e(0,|i|/(cr-l)); 
b <0. 
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K S (B) 




K U (A) K u {A) 

Figure 5: The perturbation g 



Finally, the disk K U (A) intersects the cube C from the bottom to the top. 
And this holds for the continuation of K u (Ah) for every h close to g. This 
implies that there is a C 1 -neighborhood £ of g such that (by the intersection 
property) K n (A h ) is ^-accumulated by the stable manifold of Rh- Therefore 
densely in £ one can obtain V-related cycles associated to Rh and A h . Since 
Bh is V-homoclinically related to Rh, one also has V-related cycles associated 
to Bh and Ah- This completes the proof of Proposition 14.31 □ 

5 Final construction 

In this section we use the results of previous sections to complete the proof of 
Theorem [TJ 

Let Q be the residual set of Diff (M) described in Section I3TT1 The statement 
below is a local version of Theorem [TJ 

Theorem 2. Let f E Q have two hyperbolic saddles Pf and Qf of different 
indices in the same homoclinic class. Arbitrarily C l -close to f there exists a 
C l -open set Z C Diff (M) and a residual subset 1Z C Z such that every g E H 
has a non-hyperbolic ergodic invariant measure with uncountable support inside 
of the homoclinic class of P g and Q g . 

Remark 5.1. The genericity hypothesis imply that H(P g ,g) = H(Q g ,g). 

Due to standard genericity arguments Theorem [2] implies Theorem [TJ for 
details see jABCDWj . 

The genericity hypothesis imply that the map / has two saddles with real 
multipliers of consecutive indices, say Af and Bf, index(y4/) + 1 = mdex(Bf), 
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such that the saddle Af is homoclinically related to Pf and the saddle Bf is 
homoclinically related to Qf. Moreover, we can assume that the saddle Af is s- 
biaccumulated, the saddle Bf is u-biaccumulated, and that the central multiplier 
of Af is close to one (it is enough to have |A c (t4/)| G (0.9,1)), see generic 
conditions R3)-R4). 
We proceed as follows: 

• Proposition 13.51 implies that by a C 1 -perturbation we can create a cycle 
corresponding to the continuations of the saddles Af and Bf. 

• Apply Lemma H~2l to this cycle. This gives a map g which is C 1 -close to /, 
and an open set V C M such that A g (V) is strongly partially hyperbolic 
(one dimensional central manifold), A g is V^-s-biaccumulated and B g is 
V^-u-biaccumulated, and g has a V^-related cycle associated to A g and B g . 

• By Proposition 14. 3[ C 1 -near there is an open set Z and a dense in Z 
countable subset V C Z such that every g G V has a V^-related cycle 
associated with the saddles A g and B g . 

From now on we fix the open set Z C Diff 1 (M), the countable dense subset 
V of Z, the saddles A g and B g , and the neighborhood V C M. 

Proposition 5.2. Generic diffeomorphisms from Z have a sequence of periodic 
saddles in V which satisfies the assumptions of Proposition \2.5\ and belongs to 
the continuation of the homoclinic class above. 

Note that Propositions 15.21 and 12.51 imply the existence of non-hyperbolic 
ergodic measures for generic diffeomorphisms from Z, and, thus, Theorem [2l 

For any g G Z the maximal invariant set A g = rikezg k (V) is a (not neces- 
sarily closed) partially hyperbolic invariant set (with a splitting E ss © E c © E un , 
E c is one-dimensional). For g e Z denote by x c (A g ) < and x°(B g ) > the 
central Lyapunov exponents of saddles A g and B g (corresponding to the central 
direction E c ). Fix a constant C such that 

1 C 

gez \x c {A g )\ 

Proposition 5.3. For each N G N there is a family of open sets Z ni ,...,n N Q Z 
indexed by N -tuples (ni, . . . , n N ), n, G N, satisfying the following properties: 
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Zl) For any tuples (n h . . . ,n N ) ^ (mi,. . . ,m N ) the sets Z ni ,...,n N and Z mu ..., mN 
are disjoint. 

Z2) For any tuple (m, . . . ,n N , n N+ i) we have Z n i,...,n N ,n N+ i Q Z nu ___ iTlN . In 
particular, Z ni C Z for every ni G N. 



Z3) The union U nie ^Z ni is dense in Z, and for each N the union \Jj^Z ni) , 



■n N ,J 



is dense in Z nit _ >nN . 



Z4) Every diffeomorphism g G Z ni ,... jnN has a finite sequence of periodic sad- 
dles homoclinically related to B g (thus of the same index as B g ) 

t-'rai j •*ni,na i ' ' ' i ni,n2,...,ri]sr J ^— ^g ' ' " \ gi 9 ) 

having real multipliers, satisfying the V -u-biaccumulation property, and of 
growing periods, ir(B g ) < n(P ni ) < ... < 7r(P ni)f , a) ... )fw ). Moreover, sad- 
dles {P ni , P ni ,n 2 i • • • j Pn 1 ,n 2 ,...,n N } depend continuously on g when g varies 
over Z nu ,„ tnN . 

Z5) For any tuple (ni, . . . ,n N ) there exists a countable dense subset P ni) .„ )njv C 
Z ni ....,n N such that every g G T> ni ^^ nN has a V -related heterodimensional 
cycle associated to the saddles A g and P ni ,...,n N - 

Z6) There are numbers { r Yn 1 ,...,n N }(n 1 ....,n N )e'N N suc ^ that for any iVeN, any tu- 
ple (m, . . . , n N , n N+ i), and any g G £„ 1 ,...,n Ar ,n ]V+1 the orbit o/P n . 1 ,...,n JV ,n JV+1 
is a (jm,...,n N , 1 — C \x c (P ni ,...,n N )\)-good approximation of the orbit of 
P ni ,...,n N (recall Definition \2.4\ ), where C is the constant in (TTU1) . 



Z7) Take any g G Z nu ,„ yn , N . Let dk,l < k < N, be the minimal distance 
between the points of the g-orbit of P ni ,...,n k - Then 

m i n i<fc<iv dk 

1ni,...,n N ^ o . oj\T ' 

Z8) For any N EN, any tuple (m, ...,n N , n N+1 ), and any g G 2 ni ,...,, w ,» w +i 

\X [Pni,...,n N ,n N +i)\ < 7T \X [Pni,...,n N )\- 
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Before proving Proposition 15.31 let us complete the proof of Proposition 15.21 
(and, therefore, of the main result). 

Due to Property Z3), for any iVeN the set Zn = U( nij ..., nN )en N ^nx,...,n N is 
an open and dense subset of Z. Consider the intersection 1Z = CiNenZN- The 
set 1Z is a residual subset of Z. Take any g e 1Z. Property Zl) implies that 
for each iVeN the map g belongs to one and only one set from the collection 
{^ni,...,n JV }(ni,...,n JV )eN JV - Therefore, due to Z2) and Z4), for the diffeomorphism 
g e K a sequence of periodic points {B g , P ni , P ni ,n 2 ■■■, P ni ,n 2 ,...,n N , ■ ■ • } C A g n 
H(B g ,g) is well defined. We claim that this sequence satisfies the assumptions 
of Proposition 12.51 

Indeed, assumptions 1) and 2) follows from the choice of the set V C M 
and Property Z4). Assumptions 3), 4), and 5) follow from Z6), Z7), and Z8), 
respectively. This proves Proposition 15.21 and an application of Proposition 12.51 
now implies Theorem [2] (and, hence, Theorem [Q. 

Proof of Proposition 15. 31 Let us first construct sets Z ni C Z, n\ G N. The 
subset D C Z (consisting of diffeomorphisms with cycles) is countable. Let 
us enumerate diffeomorphisms from T> = {gijieN- Take one of these diffeomor- 
phisms, say, Qi G V. 

Denote by O(P) the orbit of a point P. Choose a constant 7 > such that 

7 < inf min -dist(XY). (11) 

g&Z X,YeO(B 3 ), X^Y 3 

Denote by A < 1 the central multiplier of the saddle A 9i , and by (3 > 1 the central 
multiplier of the saddle B 9i . Choose a neighborhood U(gi) C Diff (M) and small 
(in particular, each component is of radius smaller than 7) neighborhoods Ua 9 ., 
and Ur„ C M of the orbits of A„. and B a such that 

Mg e U(9i) \/x e U Agi : A 2 < \\Df^ A ^\ EC (x)\\ < A^ (12) 

and 

Vs G U{gi) Vx E U Bgi : p* < \\Df« B « lE c{x)\\ < 1 . (13) 

Proposition 14.51 allows to obtain a sequence of diffeomorphisms go-, gik -^ 9% 
as k — > cxd, such that each diffeomorphism g^ has a periodic saddle Sik with real 
multipliers (denoted by Rk in Proposition |4.5p . having the following properties: 

SI) the saddle Sik is V-homoclinically related to B g%k , thus has the same index 
as B n 



'9il 
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52) for some constant G that does not depend on k and for each k G N we 
have 1 < \X c (S ik )\ < 9; 

53) the map g^ has a ^-related cycle associated to So, and A g . k ; 

54) there are sequences of natural numbers £ k ,m k that tend to infinity as 
k —> oo, such that under the iterates of g ik the saddle So- needs a fixed 
number of iterates (independent of k) to go from a neighborhood Ub to 
a neighborhood Ua ., then it remains £ k 7i(A g .) iterates in Ua , then it 
needs a fixed number of iterates to go from Ua to Ub , and finally it 
remains m k ir{B g .) iterates in Ub„. ■ In particular, there is a constant tGN 
independent of k such that 

7r(5ifc) = m k n{B gi ) + 4 ir(A gi ) + t. 

Moreover, properties (3) and (4) from Proposition 14.51 guarantee that making 
an arbitrary small perturbation oi gt k (preserving properties SI) - S4)) we can 
obtain an additional property: 

55) the saddle Si k has the V^-u-biaccumulation property 

Lemma 5.4. For every large k 6 N the saddles Sik also have the following 
properties: 



1 
2 

m k 7i(B gi ) 

m k 7r(B g .)+£ k 7r(A gi )+t 



< X c (S lk ) < - X c (B g J, (14) 



>l~C X \B gik ). (15) 



Proof. If k is large enough then g ik G lA{gi). Let us show that for large k the 
inequality (1141) holds. On the one hand, from S2) and S4) we have 

< X c {S ik ) < = — ^ as fc -> oo. 

7r(5 lfc ) m k ir(B g J +£ k Tc(A g J +t 

log/?2 

On the other hand, due to (TTBl . < < x c (B g ). This implies that (TT4l) 

holds for large k. 

Now let us prove that ffT5|) also holds for large enough fc G N. Due to (fT2"l) 
and f|T3|) . using S4), the central multiplier of Sjfc can be estimated from above, 

K\X c (S lk )\<\((3 2 r k (X^T\, 
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where T is a constant (that does not depend on k) which is responsible for the 
part of the orbit of Sn- outside of neighborhoods Ua and Ub which does not 
depend on k. This implies that 

logT m k \ogf3 2 



log A 2 log A 2 
From this estimate for every large k we have 

m k 7c{B 9i ) £ k n(A 9i )+t < £ k n(A gi )+t < 



m k 7r(B gi ) + £ k ir(A gi ) + t m k Tz{B gi ) + £ k 7r(A gi ) + t m k Tr(B gi ] 
1 / t logT 7t{A gi )\ log/3 ir{A gi 



<— ^^--^^-^^ -4 



m k \ir(B gi ) log As n(B g .) J log A ir(B g .) 
If t logT 7r(A gi )\ 4 %%ggJ ^ Q X c (B gi 



m k \7r{B gi ) bgAi vr^j; X C (AJ |x c (4JI 

Finally, due to the choice of the constant C defined by (TTUj) . 



m k 7r(B g J < 1 

m k 7r{B g .) + £ k 7r{A gi ) + t 2 



1 - _, P ,!, ^ ,, < i wto.) < c^J 



This completes the proof of the lemma. □ 

Consider now the set 

T3' — {9ik I S ik satisfies conditions (fT4"|) . (IT51) } C 2. 

By construction, the set T>' is a countable dense subset of Z. Let us enumerate 
the elements of V = {h ni } ni£ fq. Let us also redenote by P ni the periodic saddle 
Si k of the map h ni = g 1 ^. For each h ni we can apply Proposition 14.31 to the 
heteroclinic V^-related cycle associated to saddles P ni and Ay ln . This gives for 

each fii 6 Nan open set U ni C Z and a dense countable subset V ni C ZY ni 
such that h ni G W ni and every g G X> ni has a ^/-related cycle associated with 
A 5 and a continuation of P m . In order to simplify the notation, we will omit 
the dependence of the continuation of P ni on g and will write just P m instead 
of "continuation of P ni " . We can take U ni small enough to guarantee that 
for every g G U ni one has < x c (Prn) < \x c (B g ). Indeed, due to (fT4"|) this 
inequality holds for h ni . Since Lyapunov exponents of a hyperbolic saddle 
depend continuously on a diffeomorphism, the inequality holds also for all g 
sufficiently C 1 -close to h ni . 
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Let us now take inductively 

Z\ = U\, Z 2 = U-i\Z\^ . . . , Z ni = l4nx\Z ni -i, . . . 
and 

v ni =v ni nz ni ,m en. 

We claim that the collection of sets {Z ni }„ ie N satisfies the required proper- 
ties Zl) - Z8). 

• Properties Zl) and Z2) directly follow from the construction of {Z ni } ni eN- 

• Since the set {h ni }men is dense in Z, the union U nie fqU ni is dense in Z, 
and hence U ni ^Z ni is also dense in Z, so Z3) holds. 

• For each g G Z ni saddle {P ni }„ ie N is V^-homoclinically related to B g , has 
real multipliers, V^-u-biaccumulation property, and 7t(B g ) < ir(P ni ), so 
Z4) holds. 

• The sets T> ni C Z ni were constructed to satisfy Z5). 

• Take g G Z ni , and denote by V the part of the orbit of P ni that belongs 
to the neighborhood Ug g - Define the projection 

p : T — >• 0(B g ), p{x) = {the point of 0(B g ) nearest to x}. 

By construction, 

#r = m k ic(B g ) and #(0(P„J) = m k ir(B g ) +£ k ir(A g ) + 1 

Recall that here k and n\ are related due to the enumeration h ni = gik] 
notice that in fact integers rrik, i k , and t depend also on the index i, but 
our notations do not reflect this dependence. Now Z6) follows from the 
inequality (|T5l) and the choice of 7 in (fTTj) . 

• The value of 7 could be taken arbitrary small; in particular Z7) can be 
satisfied by the choice of sufficiently small 7 (that choice was explicitly 
specified in (fTTj) ). 



• The last property Z8) follows directly from the inequality dU 

Finally, assume that the sets {Z nit _ >nN ,rii G N} were constructed. Take one of 
these sets, say, Z nir __ >nN . Exactly the same arguments that we used to construct 
the sets Z ni C Z, n\ G N, can be now used to construct the sets Z ni ^,^ nNtnN+1 C 
2m,...,n N ,nN+i G N. By induction, Proposition I5.3I follows. □ 
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